This paper presents a class of Catmull-Rom spline surfaces with free parameters, and gives the method for image scaling by using the proposed spline surfaces. The proposed spline surfaces satisfy C 2 continuity and can be adjusted by the two free parameters even if the data points are kept unchanged. Due to the C 2 continuity and the two free parameters of the proposed spline surfaces, the details of the original images can be reflected better and the characteristics of the target images could be properly adjusted.
INTRODUCTION
As we know, interpolation methods are usually used to deal with image scaling problems. The general interpolation methods for image scaling include the nearest interpolation, the bilinear interpolation, the bicubic interpolation and the cubic spline interpolation [1] . Since a 2D grey image can be represented by a continuous function with two variables, the geometric modeling method also can be used to handle the problems of image scaling. In [2] , an image scaling method based on the hyperbolic Coons interpolation surface was presented. In [3] , the image scaling by using the trigonometric interpolation spline surface was investigated.
Actually, the geometric modeling methods have made great progress. Recently, the curves or surfaces with free parameters have been paid attention by some researchers in geometric modeling, such as the Bézier curves or surfaces with free parameters [4] [5] [6] and the B-spline curves or surfaces with free parameters [7] [8] [9] . Due to the free parameters, those curves or surfaces with free parameters have better performance ability than the corresponding standard curves or surfaces.
As a method for constructing interpolation curves or surfaces, the cubic Catmull-Rom spline [10] has been widely used in geometric modeling. However, shape of the cubic Catmull-Rom spline can not be adjusted when the data points are fixed, which limits its applications to some extend [11] . The main purpose of this paper is to present a class of Catmull-Rom spline surfaces with free parameters, and then discuss the application of the proposed spline surfaces in image scaling.
II. THE SPLINE SURFACES
Firstly, we define the quintic Catmull-Rom basis functions as follows. 
On base of the quintic Catmull-Rom basis functions, we can define the corresponding quintic Catmull-Rom spline surfaces as follows.
are called the quintic Catmull-Rom spline surfaces with free parameters α and β, where
are the quintic Catmull-Rom basis functions satisfying that (c) Shape adjustable ability: Shapes of the surfaces can be adjusted by the two free parameters α and β even if all the data points are kept unchanged. (2) and (5) (0,0) , (0,1) ,
Proof. (a) From
Thus, the surfaces , ( , ) 
3 , 1, 0 
(0, ) ( ) ,
Expression (6) shows that , 1 , , (1, ) (0, ) ( ,1) ( ,0) , , 
From Theorem 1, the quintic Catmull-Rom spline surfaces not only inherit the interpolation property and continuity of the standard cubic Catmull-Rom spline surfaces [10] , but also have C 2 continuity and shape adjustable ability. When the data points and auxiliary points are kept unchanged, shapes of the the quintic Catmull-Rom spline surfaces can be adjusted by the two free parameters  and . Figure 1 , based on surface interpolation, roughly includes the following two steps [2] ,
